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Abstract
Let p be an odd prime number and let θ be a nontrivial even character of the Galois group of Q(ζp)/Q.
We prove that the derivative of the Iwasawa power series f (T , θ) is not congruent to zero modulo p, where
f (T , θ) is associated to the p-adic L-function Lp(s, θ).
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1. Introduction
Let p be a prime number, p  5. Let θ be an even and nontrivial character of Gal(Q(μp)/Q).
Let f (T , θ) ∈ Zp[[T ]] be the Iwasawa power series associated to the p-adic L-function Lp(s, θ)
(see [13]), i.e.,
∀n 1, n ≡ 0 (mod p − 1), f ((1 + p)1−n − 1, θ)= L(1 − n, θ),
where L(s, θ) is the usual Dirichlet L-series. In 1979, in their celebrated article [4], Ferrero and
Washington have proved that
f (T , θ) ≡ 0 (mod p).
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222 B. Anglès / Journal of Number Theory 122 (2007) 221–246It is also known that many coefficients of f (T , θ) are nonzero modulo p (see [1]). Thus we can
write
f (T , θ) ≡ T λ(θ)U(T ) (mod p),
where U(T ) ∈ Fp[[T ]]∗. The Iwasawa lambda-invariant λ(θ) is not well-understood. By a heuris-
tic argument due to Ferrero and Washington, one could expect that for sufficiently large p (see
[5])
∑




Furthermore, if p < 4 000 000, we have λ(θ) 1, and one would reasonably expect (see [8]):
λ(θ) < p.









f ′(T , θ) ≡ λ(θ)T λ(θ)−1U(T )+ T λ(θ)U ′(T ) (mod p).
Thus if λ(θ) 1 and λ(θ) ≡ 0 (mod p), we have that f ′(T , θ) ≡ 0 (mod p).
The aim of this paper is to prove that for all θ even, θ = 1, we have (Corollary 5.4)
f ′(T , θ) ≡ 0 (mod p).
This fact comes from properties of some power series that are connected to polynomials intro-
duced by Mirimanoff at the beginning of the XXth century.
2. Notations
Let p be a prime number, p  5. Let Qp be an algebraic closure of Qp. All the extensions of
Qp considered in this paper are contained in Qp. Let vp be the p-adic valuation on Qp such that
vp(p) = 1. We denote the Iwasawa p-adic logarithm on Qp by Logp .
If A is a commutative ring, we denote the set of invertible elements of A by A∗.
For every integer d, d  1, set μd = {z ∈ Qp | zd = 1}. If ρ ∈⋃d1 μd, we denote the order
of ρ by o(ρ). Set μp∞ =⋃n0 μpn+1 . For all n  0, let ζpn+1 ∈ μpn+1 such that: ζp = 1 and
∀n 0, ζ pn+2 = ζpn+1 .p
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Kn = Qp(μpn+1), Γn = Gal(Kn/K0),
On = Zp[ζpn+1], Δ = Gal(K0/Qp),
πn = ζpn+1 − 1, K∞ = Qp(μp∞),
Un = 1 + πnOn, Γ = Gal(K∞/K0).
Let γ0 ∈ Γ be such that ∀ζ ∈ μp∞, ζ γ0 = ζ 1+p. For a ∈ Z∗p, we write
a = ω(a)〈a〉,
where ω is the Teichmüller character (i.e., ω(a) = limn apn ∈ μp−1) and 〈a〉 ≡ 1 (mod p).
Let n 0. For a ∈ Z∗p, let σn(a) ∈ Gal(Kn/Qp) be such that
ζ
σn(a)
pn+1 = ζ apn+1 .






For a ∈ Z∗p, let σ(a) ∈ Γ ×Δ be such that
∀ζ ∈ μp∞, ζ σ(a) = ζ a.






Let T be an indeterminate over Qp. Let L be a finite extension of Qp. Let OL be the valua-
tion ring of L. The restriction maps Resn+1,n :Γn+1 → Γn induce maps Resn+1,n :OL[Γn+1] →
OL[Γn]. Thus we can take the inverse limit of the group rings OL[Γn] with respect to these maps,
and by [13, Theorem 7.1] we have
OL[[T ]]  lim← OL[Γn],
where T corresponds to γ0 − 1. We set ΛL = OL[[T ]] and Λ = ΛQp . For all n  0, we set




Note that for all n 0, NKn+1/Kn(Un+1) ⊂ Un, where NKn+1/Kn is the norm map from Kn+1
to Kn. We denote the inverse limit of the principal units Un with respect to the norm maps by U∞.
Note that U∞ is a Λ[Δ]-module.
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Let u = (un)n0 be an element in U∞, recall that
∀n 0, NKn+1/Kn(un+1) = un.
There exists an unique element fu(T ) ∈ Λ such that ([13, Theorem 13.38], see also [3])
∀n 0, fu(πn) = un.
Furthermore, if x =∑baσ (a) ∈ Zp[Γ ×Δ] and if u ∈ U∞, then we have [13, Lemma 13.48]




(1 + T )a − 1)ba .





We call the map Dn :U∞ → On the nth logarithmic derivative of Coleman.
Lemma 3.1.
(i) Let u ∈ U∞, ∀n 0, Dn(uωn(T )) ≡ 0 (mod pn+1).
(ii) ∀θ ∈ Δ̂, ∀u ∈ U∞, ∀n 0, Dn(ueθ ) = eθω−1Dn(u).
Proof. (i) We have
fuωn(T ) (T ) =









fuωn(T ) (T )
= (1 + p)pn(1 + T )(1+p)pn f
′
u((1 + T )(1+p)p
n − 1)
fu((1 + T )(1+p)pn − 1)












)= ζpn+1((1 + p)pn − 1)f ′u(πn)
fu(πn)
≡ ((1 + p)pn − 1)Dn(u) ≡ 0 (mod pn+1).

































The lemma follows. 











where T acts on the right via (1 + p)(1 + T )− 1.

































)≡ ((1 + p)γ0 − 1)(Dn(u)) (mod pn+1).
The proposition follows. 
Theorem 3.3. For all n 0, set Tn =∑nd=0 ζpd+1 . Let θ ∈ Δ̂, θ = 1,ω. Then
∀n 0, Im(φθn)= Zp[Γn]eθω−1Tnpn+1eθω−1On .






















Then ([6], see also [7])
On = Λn[Δ]Tn.
Now observe that pn+1Λn ⊂ pZp[Γn]. Thus
pn+1eθω−1On ⊂ pZp[Γn]eθω−1Tn.
Recall that there exists α1 ∈ μp−1 \ {1} such that [13, Corollary 13.37]


























, α ∈ μp−1 \ {1}. For α ∈
μp−1 \ {1}, for all n 0, set
un(α) =
pn+1−1∑
αkσn(k) ∈ Zp[Γn ×Δ].
k=1, k ≡0 (modp)


































































α − ζ n+1 = eθω−1
1
α−1ζ n+1 − 1 .p p















u0(θ,α) = (p − 1)θ(−1)ω−1(−1) ∈ Z∗p.
Thus there exists α ∈ μp−1\{1} such that for all n 0, un(θ,α) ∈ Zp[Γn]∗. Therefore eθω−1Tn ∈
Im(φθn). The theorem follows. 
We will also need the following lemma.
Lemma 3.4. Let Λn be the maximal order of Qp[Γn]. Under the isomorphism Λ/ωn(T )Λ 
Zp[Γn], pn+1Λn corresponds to an ideal Un of Λ such that ωn(T )Λ ⊂ Un ⊂ (p,ωn(T )) and
limn Un = {0}.
































































(1 + T )pd−1 TrK0/Qp
(
ζ p




=0,  ≡0 (modp)









pn+1ed ≡ pd+1 ωn(T )
ωd(T )






Observe that ωn(T ), ωn(T )T and p
d+1 ωn(T )
ωd(T )
− pd ωn(T )
ωd−1(T ) tend to zero in Λ when n grows. The
lemma follows. 
4. Mirimanoff’s power series
Recall that Mirimanoff has introduced the following polynomials in Fp[T ]:




These polynomials have many beautiful properties and we refer the interested reader to [2,9,12].
In this section, we will introduce some power series that are related to these polynomials.
Let L be a finite extension of Qp. Let πL be a prime of L. Let θ ∈ Δ̂. Let a ∈ OL such that
a(a − 1) ≡ 0 (mod πL). For all n 0, we set
Mn(θ, a) =
pn+1−1∑








n0 ∈ lim← OL[Γn].





















The lemma follows. 
By the above lemma, (Mn(θ, a))n0 corresponds to a power series M(T, θ, a) ∈ ΛL. If
θ = ωj , 1 j  p − 1, observe that
M(0, θ, a) ≡ ϕj (a)
ap − 1 (mod πL).
Therefore we call M(T, θ, a) the Mirimanoff’s power series attached to θ and a.
Lemma 4.2.










pn+1 − k)ω−1(pn+1 − k)γn(pn+1 − k).
Thus
Mn(θ, a) = −
pn+1−1∑




pn+1 − k)ω−1(pn+1 − k)γn(pn+1 − k).
The lemma follows. 
Theorem 4.3. M ′(T , θ, a) ≡ 0 (mod πL) if and only if a ≡ −1 (mod πL) and θ is odd.
Proof. By Lemma 4.2, M(T, θ,−1) = 0 if θ is odd. Thus, if a ≡ −1 (mod πL) and if θ is odd,
we have M ′(T , θ, a) ≡ 0 (mod πL).
The proof of this theorem is based on Sinnott’s proof that the Iwasawa μ-invariant vanishes
for cyclotomic Zp-extensions of abelian number fields [11] as exposed in Washington’s book
[13, Section 16.2].
Now, let us suppose that M ′(T , θ, a) ≡ 0 (mod πL). We have
∀n 0, M(T , θ, a) ≡
pn+1−1∑




−1(k)(1 + T )i(k) (mod ωn(T )),
where i(k) = Logp(k)/Logp(1 + p). Thus, for all n 1, we have
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≡
pn+1−1∑





−1(k)(1 + T )i(k) (mod (pn,ωn(T ))).
Therefore, for all n 1, we get
pn+1−1∑





−1(k)(1 + T )i(k) ≡ 0 (mod (πL,ωn(T ))).




(mod pn). Therefore changing
i(k) to 〈k〉−1
p
permutes exponents modulo pn and does not affect divisibility by πL. Thus
∀n 1,
pn+1−1∑






−1(k)(1 + T ) 〈k〉−1p ≡ 0 (mod (πL,ωn(T ))).


















A calculation similar to that in the proof of Lemma 4.1 shows that












Therefore, there exists hα(T ) ∈ ΛL such that







Thus, we have ∑
α∈μp−1
hα(T ) ≡ 0 (mod πL).
And also ∑
α∈μ
(1 + T )hα
(
(1 + T )p − 1)≡ 0 (mod πL).p−1
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(1 + T )hαn
(
(1 + T )p − 1)≡ f αn ((1 + T )α−1 − 1) (mod (pn,ωn(T ))),
where








−1(k)(1 + T )k (mod (pn,ωn(T ))).
For α ∈ μp−1, let s0(α) ∈ {1, . . . , p − 1} such that α ≡ s0(α) (mod p). We have
f αn (T ) ≡ θ(α)ω−1(α)
pn−1∑
=0

















n+1 − 1 (1 + T )
s0(α)+p ≡ a
s0(α)(1 + T )s0(α)












n+1 − 1 (1 + T )
s0(α)+p ≡ −ap(1 + T )p a
s0(α)(1 + T )s0(α)








fα(T ) = θ(α)ω−1(α)a
s0(α)(1 + T )s0(α)





p(1 + T )p















(1 + T )α−1 − 1)≡ 0 (mod πL).
Observe that for all α ∈ μp−1, fα(T ) ∈ ΛL∩L(T ). Thus, by Sinnott’s lemma [13, Lemma 16.9],
for all α ∈ μp−1 there exists cα ∈ OL such that
fα(T )+ f−α
(
(1 + T )−1 − 1)≡ cα (mod πL).
Observe that








(1 + T )s0(α) (mod (πL,T p)),a − 1 p a − 1
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f−α
(
(1 + T )−1 − 1)≡ θ(−α)ω−1(−α)ap−s0(α)
ap − 1






× (1 + T )s0(α) (mod (πL,T p)).

















For α = 1, we get
a
ap








a2 ≡ −θ(−1) (mod πL).
We obtain a ≡ −1 (mod πL) and θ is odd or θ is even and a2 ≡ −1 (mod πL). Let us examine the

































+ x (mod πL).
We have two cases:
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c
(
α−1 − x)≡ x − α−1 (mod πL).
But, since c ≡ 1,−1 (mod πL), we have
x ≡ α−1 (mod πL).
This implies that











Therefore we obtain that for all b ∈ {1, . . . , p − 1}, b even, we must have
b ≡ ω(b)+ p (mod p2),
and for all b ∈ {1, . . . , p − 1}, b odd, we must have
b ≡ ω(b) (mod p2).
For p = 5, we get that
2 ≡ ω(2)+ 5 (mod 25).
But ω(2) ≡ 25 (mod 25). Thus, we must have
2 ≡ 25 + 5 (mod 25),
which is a contradiction. For p  7, we get: 2 ≡ ω(2) + p (mod p2), 3 ≡ ω(3) (mod p2) and
6 ≡ ω(6)+ p (mod p2). But
6 = 2 × 3 ≡ ω(6)+ pω(3) (mod p2).
This implies that ω(3) ≡ 1 (mod p) which is a contradiction. 
We will need the following lemma.
Lemma 4.4. There exists α ∈ μp−1 such that for all prime numbers ,  ≡ α (mod p) and










≡ 0 (mod p),
where ζ is a primitive th root of unity.
B. Anglès / Journal of Number Theory 122 (2007) 221–246 235Proof. For a ∈ Z, let [a] ∈ {0, . . . ,  − 1}, such that a ≡ [a] (mod ). Let Φ(X) be the th
cyclotomic polynomial, then:
Φ(1) = , Φ ′(1) =
(− 1)
2









































− (− 1)(− 2)
3
.


























Let m be the order of p modulo , set
a = [1 + pm−1]











Since  p2, we have b 3, and thus

















.(ζ − 1) (ζ − 1) (ζ − 1)
236 B. Anglès / Journal of Number Theory 122 (2007) 221–246Now
TrQ(ζ)/Q
(




(1 + ζ + · · · + ζ b−1
ζ − 1
)














ζ b − 1
(ζ − 1)2
)
= 1 − 
2
+ (b − 1)+ 1
2
− b(b − 1)
2
.
By the same type of calculus:
TrQ(ζ)/Q
(
ζ +2−b − 1
(ζ − 1)2
)
= 1 − 
2
+ (+ 1 − b)+ 1
2




S = (− 1)
2
2
− 2 (− 1)(− 2)
3
+ 1 − + (+ 1)
2
− b(b − 1)
2




S = −b2 + b(+ 2)− 
2 + 6+ 5
6
.




Now observe that the function field Fp(T ,
√
T 2+2
3 ) has genus zero and thus has exactly p + 1
places of degree one. The lemma follows. 
Theorem 4.5. Let θ ∈ Δ̂, θ even. There exists α ∈ μp−1 such that for all prime numbers ,
 ≡ α (mod p) and  p2, we have∑
ρ∈μ\{1}
M ′(T , θ, ρ) ≡ 0 (mod p).
Proof. Let  be a prime number,  = p. Suppose that we have∑
ρ∈μ\{1}
M ′(T , θ, ρ) ≡ 0 (mod p).




s0(α)(1 + T )s0(α)





p(1 + T )p
ρp(1 + T )p − 1
)
.ρ∈μ\{1}




(1 + T )α−1 − 1)≡ 0 (mod p).
Therefore by [13, Lemma 16.9], for all α ∈ μp−1 there exists cα ∈ Zp such that
fα(T )+ f−α
(
(1 + T )−1 − 1)≡ cα (mod p).
But




































≡ 0 (mod p).
It remains to apply Lemma 4.4. 
5. p-Adic L-functions
Let θ ∈ Δ̂. We set:
• f (T , θ) = 0 if θ is odd,
• if θ is even, f (T , θ) is the Iwasawa power series associated to the p-adic L-function Lp(s, θ)
(see [13, Section 7.2]).
Recall that if θ = 1, f (T , θ) ∈ Λ, and if θ is the trivial character then(
1 − 1 + p
1 + T
)
f (T , θ) ∈ Λ∗.
For α ∈ μp−1, we set
ρn(α) =
α − ζpn+1










α−1−1 ∈ Un and η∞ = (ηn)n0 ∈ U∞.


























































(α − 1)M0(θ,α) = (p − 1)θ(−1)ω−1(−1) ∈ Z∗p.
The lemma follows from Theorem 3.3. 
Let θ ∈ Δ̂, θ = 1,ω. We denote by G(T , θ) ∈ Λ∗ the power series that corresponds to
(
∑
α∈μp−1\{1}(α − 1)Mn(θ,α))n0. Observe that
∑
α∈μp−1\{1}
(α − 1)Mn(θ,α) = (p − 1)θ(−1)ω−1(−1)γn(p − 1)
pn∑
=1,  ≡0 (modp)
θ()ω−1()γn().
Let θ ∈ Δ̂, θ = 1, θ even. By πeθn we mean the unique (p − 1)2th root in Un which is congruent













(i) Let θ ∈ Δ̂, θ even and nontrivial. Then
(
πeθ∞
)−G( 1+T1+p −1,θ) = (ηeθ∞)f ( 1+p1+T −1,θ).
(ii) Let θ ∈ Δ̂, θ = 1,ω. Then
∀α ∈ μp−1 \ {1},
(
ρ∞(α)eθ



























)≡ Mn(θ,α−1)φθn(ηeθn ) (mod pn+1).
By Lemma 5.1, there exists H(T ) ∈ Λ such that
(
ρ∞(α)eθ
)G( 1+T1+p −1,θ) = (ηeθ∞)H(T ).
Thus, by Proposition 3.2, we have
∀n 0, H(T ) −M
(
1 + T




where Un is the ideal introduced in Lemma 3.4. Thus
H(T ) = M
(
1 + T
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X−1 , then










Let θ ∈ Δ̂, for θ = 1, set
vn(θ) = − 1
pn+1
pn+1−1∑
k=1, k ≡0 (modp)
kθ(k)ω−1(k)γn(k),
and if θ = 1, set
vn(θ) = −
(




k=1, k ≡0 (modp)
kω−1(k)γn(k).
Then by [13, Section 7.2], (vn(θ))n0 corresponds to f ( 11+T − 1, θ) if θ = 1, and to (1 − (1 +





and if θ = 1,
(















)≡ vn(θ)φθn(ηeθn ) (mod pn+1).
Now, apply the same type of arguments as in the proof of (ii), and the theorem follows. 
Theorem 5.3. Let d be an integer, d  2, d ≡ 0 (mod p). Let θ ∈ Δ̂. Then
∑
ρ∈μd,o(ρ)=d
M(T , θ,ρ) = −f
(
1













where μ(·) is the Möbius function.
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Thus, changing ζpn+1 to ζ
−1








































We are working in the extension Qp(μd, ζpn+1)/Qp(μd) and we identify Gal(Qp(μd, ζpn+1)/








































where vn(θ) is as in the proof of Theorem 5.2. The theorem follows. 
Corollary 5.4. Let θ ∈ Δ̂, θ even and nontrivial. Then
f ′(T , θ) ≡ 0 (mod p).
Proof. Let α ∈ μp−1 as in Theorem 4.5. Let  be a prime number such that   p2 and  ≡
α (mod p2) (note that there exist infinitely many such primes). We know that
∑
ρ∈μ\{1}
M ′(T , θ, ρ) ≡ 0 (mod p).
But by Theorem 5.3
∑
ρ∈μ\{1}
M(T, θ,ρ) = −f
(
1
1 + T − 1, θ
)(
θ()ω−1()(1 + T )
Logp()
Logp(1+p) − 1).
But since p−1 ≡ 1 (mod p2), we have
Logp()
Logp(1 + p)
≡ 0 (mod p).
Thus, if we take derivatives and reduce modulo p, we get
∑
ρ∈μ\{1}
M ′(T , θ, ρ) ≡ 1




1 + T − 1, θ
)(




The corollary follows. 
The case of the trivial character is treated in the last section.
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Let θ be an even Dirichlet character of conductor d or pd, where d  1, d ≡ 0 (mod p). For
all n 0, set qn = pn+1d. Let g(T , θ) be the power series introduced in [13, Section 7.2], i.e.,
g(T , θ) = T − q0
1 + T f (T , θ),
where f (T , θ) is the power series associated to the p-adic L-function Lp(s, θ) (see [13, Theo-
rem 7.10]). Set L = Qp(θ), and let πL be a prime of L. Then, the Ferrero–Washington theorem
states (see [13, Section 16.2]):
g(T , θ) ≡ 0 (mod πL).
We have:
Theorem 6.1.
g′(T , θ) ≡ 0 (mod πL).
Proof. For y ∈ Q, set






where {y} is the fractional part of y. Recall that [13, proof of Theorem 7.10]








θω−1(a)(1 + T )−i(a)−1 (mod ωn(T )),
where i(a) = Logp(a)Logp(1+q0) . Let us suppose that g′(T , θ) ≡ 0 (mod p). We have, for all n 1,




i(a) + 1)B( a
qn
)
θω−1(a)(1 + T )−i(a) (mod (pn,ωn(T ))).





i(a) + 1)B( a
qn
)
θω−1(a)(1 + T )i(a) ≡ 0 (mod (πL,ωn(T ))).
Now, changing i(a) to (1 + q0) 〈a〉−1p permutes exponents modulo pn and does not affect divisi-
bility by πL. Thus, for all n 1,
244 B. Anglès / Journal of Number Theory 122 (2007) 221–246qn∑
a=1, (a,q0)=1
(
















For n 1 and for α ∈ μp−1, set































Thus, there exists Hα(T ) ∈ ΛL such that









Hα(T ) ≡ 0 (mod πL).
Therefore ∑
α∈μp−1
(1 + T )1+q0Hα
(
(1 + T )p − 1)≡ 0 (mod πL).
Let fα(T ) ∈ ΛL as in [13, Lemma 16.8]. Set
Fα(T ) = α
−1
p
(1 + T )f ′α(T )+
(






























(1 + T )α−1 − 1)≡ 0 (mod πL).p−1
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Fα(T )+ F−α
(
(1 + T )−1 − 1)≡ bα (mod πL).
But observe that
Fα(T ) = F−α
(
(1 + T )−1 − 1).
Thus, for all α ∈ μp−1, there exists cα ∈ OL such that
α−1
p
(1 + T )f ′α(T )+
(
1 − 1 + q0
p
)
fα(T ) ≡ cα (mod πL).
Now we take α = 1, and we set
G1(T ) = (1 + q0)
∑
0<a<q0, a≡1 (mod p)
θω−1(a)(1 + T )a(1+q0)
−
∑
0<a<q20+q0, a≡1 (mod p)
θω−1(a)(1 + T )a.
We get(
1 − 1 + q0
p
)(
(1 + T )q0(1+q0) − 1)G1(T )
+ 1
p
(1 + T )(((1 + T )q0(1+q0) − 1)G′1(T )− q0(1 + q0)(1 + T )q0(1+q0)−1G1(T ))
≡ c1
(
(1 + T )q0(1+q0) − 1)2 (mod πL).
Note that G1(T ) ≡ −(1 + T ) (mod (1 + T )1+p). Thus, as a polynomial in (1 + T ), the left side
of the congruence has zero as constant coefficient. Therefore
c1 ≡ 0 (mod πL).
Thus, we get(
1 − 1 + q0
p
)(
(1 + T )q0(1+q0) − 1)G1(T )
+ 1
p
(1 + T )(((1 + T )q0(1+q0) − 1)G′1(T )− q0(1 + q0)(1 + T )q0(1+q0)−1G1(T ))
≡ 0 (mod πL).
The coefficient of 1 + T in the left side of the congruence is 1 − d and the coefficient of (1 +
T )q0(1+q0)+1 in the left side of the congruence is 2d − 1 + q20 . Therefore, we havep




≡ 0 (mod p).
This leads to a contradiction. 
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